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Abstract We construct a new loop algebra A, which is used to set up an isospectral prob-
lem. Then a new integrable couplings of the generalized AKNS hierarchy is derived, which
possesses bi-Hamiltonian structure and contains an arbitrary spatial function. As its reduc-
tion, we gain the integrable couplings of the Schrddinger equation. Furthermore, many con-
served quantities of the integrable couplings are obtained.
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1 Introduction

Finding new Liouville integrable systems and their Hamiltonian structures is a central and
difficult topic in soliton theory [1-4]. Bi-Hamiltonian formulation is significant for investi-
gating integrable properties of nonlinear systems of differential equations [5]. Many math-
ematical and physical systems have been found to possess bi-Hamiltonian structure [6—11].
In addition, the study of integrable couplings of soliton equations has attracted much at-
tention recently. It originated from the investigations into the symmetry problems and as-
sociated centreless Virasoro algebras [12]. The problem of integrable couplings can be ex-
pressed as follows: For a given integrable system, how can we construct a non-trivial system
of differential equations which is still integrable and includes the original integrable system
as a sub-system? Note that a change of orders of dependent variables does not lose inte-
grability. Therefore, up to a permutation, for a given integrable system of evolution type
u, = K (u), we actually need to construct a new bigger integrable system as follows:

u, = K(u),
v, = S(u,v).
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The vector-valued function S should satisfy the non-triviality condition % # 0, where [u]
denotes a vector consisting of all derivatives of u with respect to the space variable. A few
ways to construct integrable couplings of soliton equations are presented by perturbation,
enlarging spectral problems, constructing new loop Lie algebra and creating semidirect sums
of Lie algebra [13, 14]. Many Integrable couplings systems of the well-known integrable
hierarchies have been worked out such as AKNS hierarchy, Toda hierarchy, JM hierarchy,
KN hierarchy and so on.

In this paper, we present a new linear isospectral problem based on a new loop algebra Avg
A new integrable couplings with an arbitrary spatial function of the generalized AKNS hier-
archy is generated, which is integrable in Liouville sense. Then its bi-Hamiltonian structure
is obtained by making use of the trace variational identity [15] and the quadratic-form iden-

tity [16]. Finally, we obtain many conserved quantities of the integrable couplings.

2 Integrable Couplings of the Generalized AKNS Hierarchy with an Arbitrary
Function

We consider Lie algebra Aj as follows:

1 0 0 O 01 00 0 00O
6_0—100 . 00 0O . 1 000
Y10 o 1 o) *“lo oo 1 7o o o0 of

0 0 0 -1 00 0O 0010
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001 O 0 0 0 1 00 0O
{0 0 0 -1 00 0O 0 0 1 0
““looo o] “Tloooo]" “Tlooo o)

000 O 0 00O 0 0 0O

le1, e2] = 2e, ler, e3] = —2e3, [e2, e3] = ey, le1, es] = 2es,

[e1, es] = —2eg, [e2, e4] = —2es, [e2, e6] = ea, [e3, e4] = 2es, (2

[es, es] = —eq.
In terms of Lie algebra A3, a new loop algebra Ay is given by
Az =span{ex(i,n),i =0, 1}§_,. ex(i,n) =A™, i =0,1, 3)
along with the commutative operations
—2e3(i + j,m+n), i+j<2,

[el(l’m)’e3(J’n)]=[—2e3(i—|—j—2,m+n+ D, i+j>2

2e5(i + j,m+n), i+j<2,

[el(l’m)’EZ(J’n)]:{2ez(i—|—j—2,m+n+1), i+j=2,

ei(i+j,m+n), i+j<2,

[62(””’)’@3(””)]:{el(i+j—2,m+n+1), i+j=>2,
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[el(i,m),es(jan)]={;Z:gi;’fiz—t_;z)—,i-n+l), iij;g
le1(i,m), es(j, n)] = { :528 ijin;n’?Jrn +1), i ij ;; @
le2(i,m), es(j,n)] = { :328 IjT;_n’z)-i-n +1), i Ij 2
[Q@ml%ﬂﬂﬂ={zgi?T;ZZn+U,iijgi

. . e+ jm4n), i+j<2,
[es(l,m),es(J,n)]—{_64(l.+j_2’m+n+1)’ itj>2

. [ 2e6li+ jom ), i+j<2,
[63(l’m)’e4(J’n)]_{266(i+j—2,m+n+1), i+jz2,

deg(ex(i,n)) =2n +1, k=1,2,...,6,i=0,1.

Set
2\3/] = Span{el (l7 n)s 62(i7 n)7 e3(is n)}v
Ay = spanfes (i, n), es(i,n), es(i, n)},
we find that

Ay = A3 @ An, (A5, An] C Ax. (5)
In terms of Z;, consider an isospectral problem

d’x =U¢7 ¢=(¢17¢25¢37¢4)T9
U =¢e;(1,0) +u1e2(0,0) + uze3(0,0) + p(x)eq(0,0) + uzes(0,0) + uges(0, 0)

A ou px) u3 (6)
Uy —A Uy —px)
0 0 A ui ’
0 O uy -\
where p(x) is an arbitrary differentiable function of x.
Set
oo 1
V=2 (alim)erli,—m) +b(i, m)ex(i, —m) + (i, m)e (i, —m) +d(i, m)es(i, —m)
m=0 i=0
+ f(i,mes(i, —m) + g (i, m)es(i, —m)).
Solving the stationary zero-curvature equation
Ve=[U,V] 0

yields

a;(0,m) =u;c(0,m) —usb(0, m), ay(1,m) =ujc(1,m) —usb(1,m),
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by (0,m)=2b(1,m+ 1) — 2u;a(0, m), by(1,m) =2b(0, m) — 2uya(l, m),
cx(0,m) = —=2c(1,m + 1) 4+ 2upa (0, m), cx(1,m) = —=2¢(0, m) 4 2uza(l, m),
d(0,m) =u18(0,m) — u (0, m) + u3c(0, m) — usb(0, m),
de(1,m) =u,8(1,m) —up f(1,m) +uzc(l, m) — usb(1, m),
fe0,m)=2f(1,m+1) —2u;d(0,m) — 2u3a(0,m) +2p(x)b(0, m),
fr(,m) =2f(0,m) — 2uyd(1,m) — 2uza(l,m) + 2p(x)b(1, m),
2:(0,m)==2g(1,m~+ 1) 4+ 2u>d (0, m) + 2usa(0, m) — 2p(x)c(0, m),
gx(1,m) =—=2g(0,m) 4 2u>d (1, m) + 2usa(1l, m) — 2p(x)c(1, m), (3)
a(0,0) =B, a(1,0) =b(0,0) =0,
b(1,0) =¢(0,0) =¢(1,0) =d(0,0) =d(1,0) = £(0,0) = f(1,0) = g(0,0)
=g(1,0) =0,

a(0,1) = —%ﬂuluz,a(l, 1)=0,000,1) = %ﬁuu», b(1,1) = Buy, c(1,1) = Bus,
S, 1) = Bus,

1
g(1,1) = Buy, d(1,1) =0, £, l)ziﬂuh—ﬂum(w,
1
g0, 1) = _Eﬂu‘“‘ — Buy p(x),

Note

n 1
V" =3 (ali.m)e (i.n —m) + b, m)ex(i.n —m) + (i, m)es (i,n —m)
m=0 i=0

+d@i,mes(i,n —m) + f(i,m)es(i,n —m) + g(i, m)es(i,n — m)),
Vin) — )\271‘/ _ Vin)’
then we have
—V® U, v =v® — [, v )
It is easy to verify that the terms of the left-hand side in (9) are of the degree > 0, while the

terms of the right-hand side in (9) are of degree < 0. Therefore, the terms of both sides in
(9) are of degree 0. It follows that

—V® 4 [U, V] = =2b(1,n 4 1)e3(0, 0) + 2¢(1, n + 1)e3(0,0) — 2 (1, n + 1)es(0, 0)
+2g(1,n + 1)e4(0,0).

Taking V™ = V+("), then the zero-curvature equation
U — VP +[U,VP]1=0 (10)
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admits the Lax integrable system

iy 0 0 0 2 c(l,n+1)+g(l,n+1)
o] [0 0 =2 o et s+
“lus] “{o 2 0o -2 c(l,n+1)

w/), \=2 0 2 0 b(l,n+1)

cl,n+D+gl,n+1)
bd,n+ D+ f,n+1)

= c(l,n+1)
b(l,n+1)
0 0 2u18_lu1 d —21418_11/[2
_ 0 0 — 2urd 'uy 2u,0 uy
- 2u107 uy d—u1d " uy Jo33 Jaz4
0 —2%2371141 2M287]Lt2 Jr34 Jra4
c(0,n) + g(0,n) c(0,n) + g0, n)
bO.m + fO.m) | _ ;[ 6O.m) + f(0.n) (1)
c(0,n) c(0,n)
b0, n) b(0, n)

Where

.1233 = 21,{18711/!3 + 2u387'u1 — 2%13711,{1,
.]234 = —21418_1144 — 21433_11/[2 + 21/!13_1142 —0d— 2])()6),
Joyz = —2u28_1u3 - 21443_1141 + 2u28_1u1 —Jd+2px),

Joas = 2u2871u4 + 21/{4371142 — 21/!2871142,

and J;, J, are all Hamiltonian operators.

3 The Bi-Hamiltonian Structure

Let R® = {X = (x1,...,x¢)"|x; € R,i = 1,...,6}, for Ya = (a1, as,...,a6)", b =
(b1, by, ...,be)T € R®, define a commutator

la,b]” = (a1, az, ..., a5)R(D) =a” R(b), (12)

where
0 2b, —2b; O 2bs  —2bg
by —2b, 0 be —2by 0
—b, 0 2by  —bs 0 2by
0 0 0 0 2b, —2b3 |’
0 0 0 by  —2b 0
0 0 0 —b, 0 2b,

then R® is a Lie algebra with (12).
In terms of R®, an isospectral problem is taken as

R() =

0 =10, ), U= O,ur,uz, p(x),us,u)’, o= (@1, ... 967, (13)
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¢ =1V gl
Yo _o(a(0,m) + ra(l, m))r>n—m
> oo (b(0,m) + Ab(1, m))A2—m
S _o(c(0, m) 4+ rc(l, m))A2r=m 14
Yo _o(d(0,m) + Ad(1, m))r*n—m
o (F (0, m) 4 Af (1, m))r2n=m
Y _o(2(0, m) + Ag(1, m))r2e=m

then the zero curvature equation

V=

U —V® +[0,VP]=0 (15)

also generates the integrable hierarchy (11).
Solving the matrix equation for F

R()F = —(R(B)F)T

gives
2 0 02 00
001 0 01
01 0010
F= 2 0 00 00O (16)
001000
01 0 0O0O0

Define a linear function
{a,b}=a" Fb= (2a; + 2as)by + (a3 + as)br + (a + as)bs + 2a1bs + asbs + axbs,

a direct calculation gives

{f/, %} =c(0) + Ac(1) + g(0) + rg(1),
1

{f/, %} =b(0) +Ab(1) + £(0) + Af (1),
2

{V,ﬂ}=c(0)+kc(1), ivﬂ} =b(0) + Ab(1),
31/!1 3u4

{\7, %} =2(b(0) + 2b(1) 4+ d(0) + 1d(1)),

where

a(0) + ra(l)
b(0) + Ab(1)
c(0) + Ac(1)
d0)+2rd(1)
FO)+Af(M)
8(0) +2g(1)

<t
Il
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a(0) = Za(o,m)rm, a(l) = Za(l,m))ﬁz'", .

m>0 m>0

Substituting the above computing results into the trace variational identity

8 oUu a oUu
/ V,—tdx=1"7"—(A"{V,—} ), i=12,...,4
(SM,' 8)» aA 8I/t,'

c(0) +Ac(l) + g(0) + rg(1)
b)) +Ab(1)+ fO)+Af(1)
c(0) + Ac(1)

b(0) + Ab(1)

yields

i/[Z(b(O)+xb(1)+d(0)+xd(1))]dx:)ﬁ”iﬂ
Su dA

a7
Comparing the coefficients of A=>"~! in (17) gives rise to
c(0,n)+g(0,n)
)
— /[Zb(l, n+1)+2d(1,n+1]dx =(-2n+y) b@.n) + £ (0.m) (18)
Su c(0,n)
b(0, n)
Again comparing the coefficients of A=2"=2 in (17) yield
cll,n+1)4+g(d,n+1)
B _ b(l,n+ 1D+ f(l,n+1)
n /[2b(0,n +1)+2d0,n+D]dx=(—2n—-1+y) cd.nt 1)
b(l,n+1)
19)

Inserting the initial values in (8) into (18), (19) gives y = 0. Thus, the relations (18), (19)
can determine the following two Hamiltonian functions

c(0,n) + g(0,n)
SH(1,2n+2) 2n+2) b(0,n) + £(0,n)
c(0,n) ’
b(0, n) (20)
H(1.2n +2) = f2b(ln+1)+2d(ln+l) ..
cl,n+D+g(l,n+1)
8H(2 2n+1) b(l,n+ D+ f(,n+1)
c(l,n+1) ’
b(1,n+1) @1
2b 1) +2d 1
He.2m 1= [ 2O ”+2)ntrl On+D,,
Therefore, we have
" =J18H(2,2n+ 1 =J28H(1,2n+2). )

Su Su
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In terms of (8), a recurrence operator L is given by

cll,n+1)+gd,n+1) c(0,n) + g0, n) c(l,n)+g(1,n)
b+ 1+ fAn+1) | _, [60m+r0m | _ o[ 60w+ ram
c(l,n+1) o c(0, n) - c(1,n)
b(l,n+1) b(0,n) b(1,n)
where
—%8+u28_1u1 —u29" uy w20 uz +ugd " tuy — p(x) —urd gy —usdup
L— u|8_'u1 %8—1413_1142 ula_'u3+u38_'u1 —u|8_]u4—u33_1u2—p(x)
- 0 0 —%B-i-uz?)’lul —u29" uy
0 0 u13’1u1 %3—L{1371u2

which satisfies
JLL=L"J=J,. (23)

Which implies (22) is Liouville integrable hierarchy and L* is hereditary.
In terms of the definition of integrable couplings, we conclude that the system (22) is the
integrable couplings of the generalized AKNS hierarchy.

4 A Reduction of the Integrable Couplings

In what follows, we consider a reduction cases of the integrable couplings (22).
When n = 1, the system (22) reduces to

1 2
Uy = Eﬂ(ulxx - 2”1”2)7

1 2
Uy = _EIB(MZXX - le/ll),
24

1
us = ﬂ(zub{x — px(uy — 2p(X)urx — uiuy — 2M1M2M3>,

1
uy =p (_§u4xx — px(X)uz — 2p(x)uzy + M%M + 2M1M2M4>~

Taking u, = fuj, B = 2i, the above system (24) reduces to the integrable couplings of the
Schrodinger equation as follows:

iuy + e F 2uy|up |2 =0,
iUz + usxy — 2u1 pi(x) — 4p()ury — 2utuy F dusui|* =0, (25)
4y — W TF 205 P (¥) F AP0}, 2 dualuy 2+ 2uf uz =0,

Here if we take u4 = $uj, p(x) =ig(x)(g(x) is real function), the systems (25) becomes

{iu1t+u1xx:|:2ul|u1|2=07 (26)

iUz + uzex — 2iu195(x) — 4iq(X)ur, F 2uiul F duslu > =0,

when we choose different g (x) in (26), we can obtain many new integrable couplings of the
Schrodinger equation. Especially, taking g (x) = 0, we easily give the following integrable
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couplings of the Schrodinger equation

[iun+u1xx:|:2ul|u1|2=0, o7

. 2 2
iUz + Usex F 2uiu; F4uslui|”=0.

5 Conserved Quantities

Let {H(2,2n+ 1)}, {H(1,2n + 2)} be defined by (20) and (21), then we have

SHQ.2n+1)  8H2.2m+ 1
(HQ. 20+ 1), HQ.2m + 1)) = | &2 HD G 0H@2m+ D _
Su Su
SH(1,21+2)  SH(I,2m+2
{H(l,2n+2),H(1,2m+2)}={ ( 8"+ ) g, 3¢ 5m+ )}=0.
u u

Therefore, for the m-th integrable couplings (22), we can compute

d
—H(2,2n+1)=/

SH?2,2n+1) SH2,2n+1)  SHQ2,2m+1)
yr — U, dx = Ji dx

Su Su Su
={HQ2,2n+1),H2,2m + 1)} =0,
SH(1,2n+2) SH(1,2n+2) S§H(1,2m+2)
—u,, dx = Ji dx
Su Su Su
={H(1,2n+2),H(1,2m +2)} =0.

dH(12+2) /
-~ . 2n —
dt,

m

Which imply that the integrable couplings (22) possesses many conserved quantities:
{H2,2n+ D}, {H(1,2n +2)}.
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